
JOURNAL OF APPLIED MECHANICS AND TECHNICAL PHYSICS 39 

C O M P U T E R  S O L U T I O N  O F  A K I N E T I C  E Q U A T I O N  F O R  E L E C T R O N S  

E. B. Sonin 

Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, Vol. 7, No. 4, pp. 60-68, 1966 

Physical and mathematical approaches are presented for the be- 
havior of a weakly ionized plasma in a thermoelectronic converter. 
Numerical solutions are obtained by computer methods. The distribu- 
tion function for the electrons is examined in series form for a Boltz- 
mann kinetic equation subject to boundary conditions; the coefficients 
of the series are deduced via moment equations. The electric field is 
incorporated in the quasineutrality approximation. An exampIe 
envisaging only electron-atom collisions is presented. 

Consider two unbounded planar electrodes (cathode and anode) 
heated to different temperatures, between which lies a weakly ionized 
plasma subject to a potential difference. From the electrodes flow ion 
and electron fluxes into the plasma, where ionization and recombina- 
tion can occur. The quantities to be determined are the current, the 
potential distribution, the temperature, and the charge density. This 
problem occurs for a cesium converter in the arc mode. If the volume 
ionization can be neglected, the processes are ctosely described by 
the diffusion theory [1], but it is desirable to have more detailed 
information about the distribution function for the electrons when 
ionization, excitation, and recombination become important. The 
diffusion theory is then replaced by a Boltzmann kinetic equation, but 
this greatly increases the computational difficulties. The present 
approach envisages the use of computers. 

The method of solution is basically as follows. The electron- 
distribution function in the kinetic equation is replaced by a series 
in some complete set of functions of the velocity coordinates. There 
is a second system of independent functions; these are mukiplied by 
the two parts of the kinetic equation, whereupon integration over 
velocity space gives differential equations of first order in the spatial 
coordinates for the parameters of the series for the distribution function. 
These are balance equations or equations for the moments with respect 
to the above system of independent functions (usuaIly these are poly- 
nomials in the velocity coordinates). 

We select from this system a subsystem of functions, which we 
multiply by the boundary conditions for the kinetic equation and 
integrate over the region where they are given ( i . e , ,  with respect to 
the velocity of the electrons leaving the electrode). This gives the 
boundary conditions for the differential equations for the moments. 

Varieties of this method are to be seen in Grad's [2] and Weitzsch's 
[3] methods in gas dynamics, or the method of spherical harmonics 
[4, 8] in neutron physics; see [6] for review. The method of expansion 
used here differs from Grad's method in that I use functions of the 
energy and spherical angles in velocity space, whereas Grad used 
functions of the cartesian coordinates of the velocity. Moreover, the 
zero-th-approximation function is taken as the isotropic exp( --mu a/2kT) 

instead of Grad's anisotropic exp[--m(v -- v0)/2kT] (m is electron 
mass, T is temperature, k is Boltzmann's constant, v is particle 
velocity, and v0 is the mean particle velocity). These differences 
are introduced for the following reasons. The electrons in a weakly 
ionized plasma collide frequently with neutral atoms, so there is more 
rapid relaxation in momentum than in energy [7], and the distribution 

function differs little from isotropic. On the other hand, a principal 
purpose here is to examine the inelastic processes of ionization and 
excitation, and the major feature is the energy distribution of the 
electrons without reference to the orientation of the momentum vector. 
Hence we need take only the first two terms in the expansion with 
respect to the spherical coordinate ~ = vx/U (the Pt approximation in 

the method of spherical harmonics). 
We also take account of the electric field set up by the space 

charge. 

Let d be the distance between cathode and anode, V be the poten- 
tial differences, r the Oebye radius, n+ and n.  the concentrations of 

ions and electrons, and q the charge on an electron. As in [1], we 
consider the case where the main change in the electrical potential 
U occurs near the electrodes in regions of scale r, while the rest of 
the region obeys the quasineutrality condition In+ - n_l  << n +  (Fig. 1). 
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Fig. 1 

For this we must have 

qV ~1 d k ~ (0.1) V ~ 4~n+qd~, o r  ~ -  <% i\~-)  . 

The size of the space-charge regions is less than the mean free 
path for any of the bulk processes, so no scattering occurs in these 
regions, while their presence is allowed for by the additional potential 
barriers U t (cathode) and U 2 -- V (anode), Both physical conditions 
are obeyed for r sufficiently small. 

We also assume that the potential changes monotonically in the 
space-charge regions, as in Fig. 1, where 1 is the cathode, 2 is the 
anode, a are the space-charge regions, and 4 is the quasineutral plasma. 

1. E q u a t i o n s  f o r  m o m e n t s  a n d  b o u n d a r y  c o n d i t i o n s .  

T h e  B o l t z m a n n  i n t e g r o d i f f e r e n t i a l  e q u a t i o n  is  

O](v,Ot x) -Jr- va--Ol(V'ox x) jr_ qF(x)m O/(V,ovxX) _ K( / ) .  (1.1) 

H e r e f ( v , x )  i s  t h e  d i s t r i b u t i o n  f u n c t i o n  f o r  t h e  e l e c -  

t r o n s ,  v i s  t h e  v e l o c i t y  o f  an  e l e c t r o n  a t  p o i n t  x a t  

t i m e  t ,  F = d U / d x  i s  t h e  e l e c t r i c  f i e l d  f o r  a n  e l e c t r o n ,  

a n d  K U  ) i s  t h e  e o l l i s i o n a l  t e r m ,  w h i c h  t a k e s  a c c o u n t  

of  t h e  v a r i o u s  e l a s t i c  a n d  i n e l a s t i c  p r o c e s s e s ,  b e i n g  

e x p r e s s e d  v i a  i n t e g r a l s  w i t h  r e s p e c t  to  t h e  v e l o c i t y  

v a r i a b l e s .  T h e  b o u n d a r y  c o n d i t i o n s  a r e  a s  f o l l o w s :  

c a t h o d e  (z = 0) 

a )  vxl(O, v~, v,,, vz) = < , l ~ ( l / v j ~ - -  2qUr/m, v~ s, vz) 

f o r v ~ > l / 2 q U ~ l r n ,  i f  u,>~O v ~ > O ,  i f  b h < O ,  

b ) v,/(O, v~, %, v D v~t(O, --~,~, ~,~, v,) 

f o r  ] / 2 q U l l m ~ v ~ O ,  i f  u~>~o; (1.2) 

a n o d e  (x = d) 

a ) < 4  (d, v~, v:,, v,)  vJ<, ( V > ' = z~. - -  2q ( U : - -  V ) / m ,  v~, vz) 

for v , ~ - - l / ~ ( U < 2 - - 1 ) / m ,  if U _ , - - I , ' 7 . 0  (1 .3)  
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v~%0, if u~_--v~o,  

b )  v~/ (d, vx, vv, v~) = v~l (d, - v~, v~, v~) 
(z. 3) 

f o r  - -  ] /2q  (U~ - -  V) / ra ~ v~ ~ O, i f  u~ --  V ~ 0; (eont 'd)  

Here fk(Vx, Vy, Vz), fa(Vx, Vy, Vz) a re  the d i s t r ibu t ion  
functions for the e l ec t rons  emi t t edby  cathode and anode, 
which a re  a s sumed  to be maxwelt ian:  

2~ j ) -  (1.4) 

Here  T k and T a a re  the t e m p e r a t u r e s  of cathode 
and anode. We conver t  (1.1)-(1.3) to the va r i ab le s  

s - -  2 ~ = --v-, ~-~ arctgL-~. (1.5) 

The ~o dependence drops out because  of the axial  
s y m m e t r y  in veloci ty space. In place of (1.1) we have 

(~--~.~) o1~, 1~))7 =K( / )  (1.6) - t - q F ( b t V - s ~  2]/'~ P. ~ " 

We expand the d i s t r ibu t ion  function as a s e r i e s  in #: 

/ (e, Ix) = 1o (e) q- ~tl~ (~) -f- . . . .  (1.7) 

The equat ions for the coeff ic ients  in (1.7) a re  found 
by subst i tu t ing (1.7) into (1.6), mul t ip ly ing  by pi (i = 
= 0, 1, . . . ,  m), where m is the n u m b e r  of t e r m s  in 
(1.7), and in tegra t ing  with r e spec t  to g f rom - 1  to +1. 

The boundary  condit ions a re  found by mul t ip ly ing  
the boundary  condit ions of (1.2) and (1.3) by g i ( i  = 0), 

2, . . . ,  m - 2, with m even) followed by in tegra t ion  
with r e spec t  to #, f rom 0 to 1 at  the cathode and f rom 
- 1  to 0 at the anode. These  equat ions a re  equivalent  
to those in the method of spher ica l  h a r m o n i c s  [4, 5] if 
we ignore the field in the volume and the b a r r i e r s  at 
the boundar ies .  

Now we take only two t e r m s  in (1.7) (the lO 1 approxi -  
ma t ion  of the method o;[ spher ica l  ha rmon ic s ) ,  in which 
case  the equat ions for f0(a ) andre(e)  become as follows 
(the t ime  der iva t ive  is omit ted,  as we a r e  i n t e r e s t ed  
in the steady state):  

1 

--1 

2 ]/~ [U~ Olo@) VT~176 ] i 
3 V ~  L "  ax + qF _ as j = o K (f) I~dp.. ( 1 . 8 )  

--1 

The boundary  condi t ions  a re  as follows: 

cathode (V~/o (s) + V3f~ (e)) = 

[~]~/o (e) e- lqU~ - -  ~/a tz (Z,) (s - lqU1)  U~ "-F 

= +V~/~(e--qU~) (1-- ~-~qUz) for e>~quz>~o, 
bhto (e) -- %h (s)l for  o..< s < qUa, 
V~/~(e--q~) for  q ~ < o ;  (1.9) 

anode (V~io (8) - -  V~h (e)) = 

I VMo(0e-lq (rf~-- V) + %h (e) (~-~q (u~ - -  V))':' + 
4 -  V d ~  (8 - -  q (U~ - -  v ) )  x It  - s -zq ( u ~  - -  v)l 

= f o r  ~>~q(U~--v), q ( U ~ - - v ) > ~ o ,  

P/~]o(~) + ~/a#~ @)l ' for 0 ~< s < q (u~ - -  v), 
Vd~ (B--q (u~--v)) for q (u~ -- v) ~ o. (1.10) 

Here we have used the fact that fk  a n d f a  a re  inde-  
pendent of #. We expandJ0(a ) a n d j l ( e  ) as functions of 
the energy:  

f o (e )= t2nkTo  / exp( - -~T~o ) '~  A ~ ( x )  L~(-ET~o), (1.11) 
i = 0  

A (8) - t2~-~0) exp { -  -~o Y' B~ (~) L~ ~ . 
4=o 

The ca lcula t ion  based on re ta in ing  n + 1 t e r m s  in 
(1.11) and {1.12) is t e r m e d  the n- th  approximat ion.  The 
funct ions Li(e/kT0) a re  polynomials  of o rder  i, while 
T O (the expansion pa rame te r )  may depend on x. 

We subst i tu te  (1.11) and (1.12) into (1.8)-(1.10) and 
mul t ip ly  (1.8) by the function 

3n% / 2 \% l 8 \ 

and (1.9) and (1.10) by 

4V "~n% _r  / s \ 
m%{kTo), h ~ ~i ( k~o ) 

and in tegra te  with r e spec t  to de f rom 0 to ~.  This  
gives us 2(n + 1) f i r s t - o r d e r  di f ferent ia l  equat ions for 
Ai(x ) and Bi(x ) and n + 1 boundary  condit ions at the 
cathode and at the anode. The equat ions a re  

n d B j  i x )  -J- 
:~ Kij - - E -  " 
]=0 

+~(_ ~qr N~j + ~d~'r~ s,~)Bj(~)= J2(A, B), (1.13) 

d A j ( x )  , / q F  1 .  , d l n T o  S4j)  

= J b i ( A , B )  ( i=0.1 . . . . .  n), (1.14) 

K~j = 7 e-xLi (x) Li (x) xdx, 
o 

' oo 

M~j i e-~ (Lj (z) - -  L/(z))  L~ (x) xdz, 
o 

Nij = 7 e-= [(L~ (x) - -  Lj' (x)) x - -  L i (x)] L~ (x) dx,  
0 

o 

J .  ( A , B ) =  m (kTo),/-------- ~ de dlxK (l) L~ -ET~o 
0 - -1  

Jbi(A, B) m tk d8 d~K( / )L i  ~ p.g-s. (1.15) 
"-To"/' o --1 
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The b o u n d a r y  cond i t i ons  fo r  (1.13) a r e  as  fo l lows :  

ca thode  

r~ (/~, U~, To (0)) = 

anode  

Yi (./a, U2 -- V, To (d)) = 

n U - - ~ a  [/q( ~--V)~A 2 ~ . . f ( ~ V ) q  (1.16) 

H e r e  

~,~(f, u ,  T ) =  

(2~kT i% i - - ~ - - /  / ( ~ - q u ) x  
q U  

• ~ kr (U > o), 
oo 

I 2nkT Vh (" e da 
(-7~-) ~ /(~-qu)-zf--zT (u <o), 

o 

ie• L i(x) Lj@)(x-y)d~ (y>~O), 
Y 

~exp (-- x) L i (x) Lj (x) x-~x (y ~ O), 
o 

~ ( g )  = x '/~- 1) ~d~ (v>~0). 

~ij(O) (y%0). 

C o n s i d e r  t he  K ( J )  t e r m  fo r  the  c a s e  w h e r e  t h e r e  a r e  
only  c o l l i s i o n s  of e l e c t r o n s  wi th  n e u t r a l  a t o m s .  T a k i n g  
the  a t o m s  a s  i n f i n i t e l y  h e a v y ,  we  h a v e  

K (f) = nay i ( /(e,  ~') - -  ] (e, ~)) ~ (0, e) sin ff dO &p 

H e r e  n a is  t he  d e n s i t y  of the  a t o m s ,  v i s  the  v e l o c i t y  
of  an  e l e c t r o n ,  # and P '  a r e  the  c o o r d i n a t e s  of  tha t  
v e l o c i t y  b e f o r e  and a f t e r  c o l l i s i o n  (e b e i n g  unchanged ) ,  
d and r a r e  the  a n g l e s  fo r  the  r o t a t i o n  of the  v e l o c i t y  

v e c t o r  as  a r e s u l t  of  c o l l i s i o n ,  and r e) i s  the  d i f -  
f e r e n t t a l  c r o s s - s e c t i o n .  

S u b s t i t u t i o n  of (1.7), (1.11), and (1.12) in (1.17), and 
of  (1.17) into (1.15), g i v e s  t he  f o l l o w i n g  e x p r e s s i o n s  

f o r  the  r i g h t  h a l v e s  of (1.13): 

n 

J~i(A,B) - 0 ,  Jbi(A, B ) =  E K~jBi ~ - -  
j = 0  

r: 

(~-C-=r, aQ, Q :2nf(l--cosO)~(~)sin~dO ) " 
0 

(1.18) 

H e r e  Q is the  c r o s s - s e c t i o n  fo r  m o m e n t u m  t r a n s f e r ,  

wh ich  is a s s u m e d  i n d e p e n d e n t  of  t he  e n e r g y .  

E q u a t i o n  (1.14) g i v e s  Ki j .  A l l o w a n c e  f o r  o t h e r t y p e s  
of c o l l i s i o n  c a u s e s  (1.18) to c o n t a i n  t he  c o r r e s p o n d i n g  

func t ions  of the  c o e f f i c i e n t s  of the  s e r i e s  ( e l e c t r o n -  
e l e c t r o n  c o l l i s i o n s  and r e c o m b i n a t i o n  g ive  a f o r m  

q u a d r a t i c  in A t and Bi,  wh i l e  i o n i z a t i o n  and i n e l a s t i c  
e l e c t r o n - a t o m  c o l l i s i o n s  g ive  a l i n e a r  f o r m ) .  

07i I I 

1 % 

0 I 
x:g x=d 

Fig. 2 

The integrodifferential kinetic equation in partial derivatives is 
thus reduced to a system of ordinary first-order differential equations. 

If this system is solved in the approximation n = 1, while To (x) is 
put equal to the electron temperature at the given point, system 
(1.13) becomes equivaient to the equations of diffusion and thermal 
conduction for the electrons in [1]. the first two boundary conditions 
of (1.18) having the following:' physical meaning: the number and 
energy of the electrons escaping from an electrode and passing through 
a plane parallel to it and directly adjacent to the barrier are equal 
to the total number and energy of the emitted electrons plus the number 
reflected by the barrier. 

2. Convergence in energY space and choice of poly- 
nomial system. Consider the series of (I.ii) for the 
isotropic part of the distribution function in the n-th 

approximation. 
The  A t a r e  d e d u c e d  by s o l v i n g  the  e q u a t i o n s  of the  

p r e v i o u s  s e c t i o n ;  t h e y  a r e  d e p e n d e n t  on the  c h o i c e  of 
t h e  Lt(x) ,  but  s u b s t i t u t i o n  into (1.11) f o r  the  A i d e t e r -  
m i n e d  fo r  d i f f e r e n t  Lt (x  ) g i v e s  e q u i v a l e n t  e x p r e s s i o n s  
d e p e n d e n t  on ly**  on n. 

We u s e  L a g u e r r e  p o l y n o m i a l s  of  i ndex  1 /2  as  o u r  

Li ;  t h e s e  a r e  o r t h o g o n a l  wi th  the  w e i g h t  e x p ( - x ) x l / 2  : 

co 

t e-~x'/2L~ (x) Lj (x) dz = 6iji! F (i § s/2). 
0 

(2.z) 

*These boundary conditions differ from those of [1] in that the latter 
involved neglect of the contribution from the anisotropic part of the 
distribution function in calculating the current and the energy of the 
electrons escaping from the plasma. This contribution is in fact small 
when the diffusion theory is used. 

**The choice of the Li(x) is not indifferent as regards 

the best organization of the numerical calculations. 
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T h e n  n_ and  k T  f o r  t he  f0 of (1.11) a r e  d e f i n e d  by t he  
f i r s t  two c o e f f i c i e n t s :  

n_ = A o ,  T - -  T 0 ( ] ~ -  A ~ / A 0 ) .  (212) 

The  A i of (1.11) a r e  d e p e n d e n t  on  t h e  o r d e r  n of  t he  
a p p r o x i m a t i o n .  L e t  fo* (e) be  t he  e x a c t  s o l u t i o n  of (1.8). 
We m a y  s a y  t h a t  fo r  n - -  ~ t h e  A t e n d  to  t he  l i m i t  

o 

H e r e  t he  Ai* a r e  t h e  c o e f f i c i e n t s  in  t h e  e x p a n s i o n  

w i th  r e s p e c t  to  t h e  L t (e /kT0)  in  a s p a c e  w i th  w e i g h t  
p(e)  f o r  ~ (e ) :  

/- i ,~ \% -- e 
p ( e ) : :  1 e l ~ )  exPkTo ' cp(s)=l/ '7l~ p (8) 

To ge t  t h e f 0 * ( e  ) f o r  n - -  ~ we m u s t  h a v e  t h a t  t h e  
s e r i e s  fo r  ~o(e) c o n v e r g e s .  T h i s  r e q u i r e s  f i n i t e n e s s  in  

R = (2.4) 
c~ oo 

= t  P(e) Iq)(e) 12de ,2u1~Vo V"~ ~" 8 / ~ , ~  ~ e x p . ( / 0 *  (e))%'/,de. 
[J o 

Let the asymptotic behavior of/0*(e ) be as exp(-e/ 

/ k T , ) ;  t h e n  R is  f i n i t e  f o r  T ,  < 2T 0. T h e  e f f e c t s  of 

t h e  f i e l d  a n d  of c o l l i s i o n s  t h a t  p r o d u c e  a r e d i s t r i b u t i o n  

of t he  e l e c t r o n  e n e r g y  ( e l e c t r o n - e l e c t r o n  a n d  i n e l a s t i c  

e l e c t r o n - a t o m  c o l l i s i o n s )  b e c o m e  s m a l l  f o r  e ~ ~o, so  

t h e  e n e r g y  d i s t r i b u t i o n  b e c o m e s  a s  f o r  t h e  e m i s s i o n  

f r o m  t h e  h o t t e r  e l e c t r o d e  ( a l w ays  t h e  c a t h o d e ) ,  so  we 

m a y  pu t  T .  = T  k. 
T h u s  t he  c o n v e r g e n c e  i s  d e p e n d e n t  on  T O . T h e  d i f -  

f u s i o n  t h e o r y  is  e q u i v a l e n t  to  n = 1, and  t h e r e  T O i s  

c h o s e n  s o  t h a t  k T  0 i s  t h e  m e a n  e n e r g y  of a n  e l e c t r o n .  
E x t e n d i n g  t h i s  m e t h o d  of c h o o s i n g  To, we  g e t  f r o m  

(2.2) t he  c o n d i t i o n *  

A~ = 0 .  (2.5) 

It  is  q u i t e  p o s s i b l e  t h a t  t h i s  c h o i c e  of  T o c a u s e s  t h e  

c o n d i t i o n  T k < 2T 0 to  b e  v i o l a t e d  a t  s o m e  po in t ;  t h e n  
t h e  s e r i e s  i s  d i v e r g e n t * *  fo r  n ~ ~ ,  a l t h o u g h  a r e a -  

s o n a b l e  r e s u l t  m a y  b e  o b t a i n e d  f o r  n s m a l l  ( the d i f -  

f u s i o n  t h e o r y  f o r  n = 1). 

We can choose T O in a different way be requiring that 

A n  = 0 .  ( 2 . 6 )  

Conditions (2.5) and (2.6) coincide for n = i, so they are both 

possible generalizations of the way of choosing T O in the diffusion 

theory. The asymptotic behavior of f~(8) is as exp(--s/kTk). It can be 

shown that the coefficients in the series are dependent solely on the 

asymptotic behavior for n sufficiently large, so the coefficients of 

~(s) will be proportional to those of exp(--s(kTk), and these are pru- 

portional to 

I T I 

H e n c e  c o n d i t i o n  ( 2 . 8 )  fo r  n ~ ~ i s  e q u i v a l e n t  t o  T o  = T k ,  so t h e  

A n tend to 0 and the series converges. 
Consider now the case in which we allow only for the collision of 

electrons with infintely heavy atoms, while U z and Uz -- V are 
positive (reflect electrons from the plasma); some of the electrons are 
trapped in a potential well. This problem has been considered in 
papers on these converters [8, 9] ; the initial integrodifferential equa- 
tion then has many solutions. In fact, in this case we cannot neglect 
the electron energy changes that always occur in collisions, or the 
lateral loss of electrons; but the solution to the equations for the 
moments of section 1 is unique for any n. 

The At and B i for n--> ~ correspond to a single distribution function 
for the electrons; to derive this function unambiguously from the 
initial integrodifferential equation we must find the collisional term, 
which leads to energy relaxation for the electrons. We allow the cor- 
responding relaxation time to tend to infinity to get in the limit a 
solution to the integrodifferential equation that gives the desired 
distribution. 

3. A l l o w a n c e  f o r  s p a c e - c h a r g e  f i e l d  in  t h e  q u a s i -  
n e u t r a l i t y  a p p r o x i m a t i o n .  E q u a t i o n s  (1.13) and  (1.16) 
w i t h  c o n d i t i o n  (2.5) d e f i n e  t h e  e l e c t r o n  d i s t r i b u t i o n  

v i a  Ai (x  ) and  Bi (x  ) f o r  a k n o w n  p o t e n t i a l  d i s t r i b u t i o n .  
To d e t e r m i n e  t h e  l a t t e r  we n e e d  to  k n o w  the  c h a r g e -  
d e n s i t y  d i s t r i b u t i o n .  H e r e  t h e  d i f t ~ s i o n  a p p r o x i m a t i o n  

i s  s u f f i c i e n t ,  t a k i n g  t h e  ion  t e m p e r a t u r e  e q u a l  to  t h e  

a t o m  t e m p e r a t u r e  [1], t h e  l a t t e r  b e i n g  d e t e r m i n e d  

f r o m  t h e  e q u a t i o n  of t h e r m a l  c o n d u c t i o n  f o r  a g a s  ( the 

e f f e c t s  of t h e  e l e c t r o n s  a n d  ions  on  t h e  n e u t r a l  g a s  

m a y  b e  n e g l e c t e d ,  a s  t h e  p l a s m a  is  on ly  w e a k l y  i on i zed )  

T , / ,  d T a  n ~ ~ = O, (3.1) 

in  w h i c h  Tan(X ) is  t h e  t e m p e r a t u r e  of t h e  a t o m s .  T h e  

b o u n d a r y  c o n d i t i o n s  g i v e  t h e  s o l u t i o n  as  

* T h i s  m a y  b e  g i v e n  t h e  f o l l o w i n g  v a r i a t i o n a l  i n t e r -  

p r e t a t i o n :  T O m u s t  g i v e  t h e  e x t r e m e  v a l u e  of 

O9 

In p (To, ~)1o g~ds. 
o 

w h i c h  r e s e m b l e s  the  e x p r e s s i o n  f o r  the  e n t r o p y  

oo 

j' d n / ) / V g d s .  
0 

* * B u t  i t  c a n  b e  m a d e  c o n v e r g e n t  b y  t r u n c a t i n g  t he  

d i s t r i b u t i o n  f u n c t i o n  f o r  t h e  e l e c t r o n s  e s c a p i n g  f r o m  

t h e  c a t h o d e  a t  s o m e  f i n i t e  e n e r g y .  T h i s  c u t o f f  e n e r g y  

m a y  be  a r b i t r a r i l y  l a r g e ,  so ,  in  p r i n c i p l e ,  in  t h a t  

c a s e  we m a y  o b t a i n  a n  e x a c t  s o l u t i o n .  

,,~ I -  F I T  a ",3/2 - 3  w ~'/~ 
Ton (x)= - l  j r  ) , (3.2) 

in  w h i c h  T k a n d  T a a r e  t h e  t e m p e r a t u r e s  of c a t h o d e  

and  a n o d e .  

T h e  ion  c u r r e n t  I+ i s  [10] g i v e n  by  

(dn+ @ (k  t _jr_ t )  n+  1 dTan  q F  I+ = - -  qD+ \-~-x Tan dx + ~ n+). (3.3) 

T h e  c o n s e r v a t i o n  of c h a r g e  g i v e s  

dI_~. = _  d l  (3.4) 
dx dx  

T h e  e l e c t r o n  c u r r e n t  I_ i s  e x p r e s s e d  v i a  t he  Bi ,  

w h i l e  t h e  d i f f u s i o n  c o e f f i c i e n t  D+ m a y  b e  pu t  a s  D+ = 

= L + v + / 3 ,  in  w h i c h  L+ is  t he  m e a n  f r e e  p a t h  f o r  a n  
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ion,  w h o s e  t h e r m a l  v e l o c i t y  is v+. We a s s u m e  t h a t  

k t = 0 for  t h e r m a l  d i f f u s i o n  ( C h a p m a n  and  Cowl i n g  

s t a t e  t ha t  t h i s  c o r r e s p o n d s  to d i f f u s i o n  of  p a r t i c l e s  

in a g a s  w h e n  the  p a r t i c l e s  and a t o m s  a r e  of the  s a m e  
s i z e ) .  The  b o u n d a r y  c o n d i t i o n s  fo r  (3.3) and (3.4) b e -  

c o m e  a s  fo r  e l e c t r o n  d i f f u s i o n  in t he  a p p r o x i m a t i o n  

n = 0 (with a l l o w a n c e  fo r  the  c h a n g e  in t he  s i g n  of the  

b a r r i e r  fo r  the  i ons  and fo r  the  r e l a t i o n  of A 0 to  n+ 
and of B 0 to  I+). 

We e x p r e s s  n+ in (3.3) v ia  (2.2) and the  q u a s i -  

n e u t r a l i t y  c o n d i t i o n  

n+ (z) = n_ (z ) .  (3 .5)  

Then  (3.3) m a y  be u s e d  to  f ind F = d U / d x ,  w h i l e  t he  

b o u n d a r y  v a l u e s  U I and Us f o r  U a r e  d e t e r m i n e d  by t h e  

b o u n d a r y  c o n d i t i o n s  f o r  (3 .3)  and (3.4). 

This method of allowing for the field of the space charge will be 
rigorous ff the conditions stated in the introduction are obeyed. To 
test whether the solution corresponds to these conditions, we must 
estimate n_ -- n+ for the region of the quasineutral plasma from 
Poisson' s equation 

d2U/dx ~ = 4 ~q (n_- -n . ) .  

it is also necessary to solve Poission's equation for the regions near the 
electrodes. The boundary values are the potentials at the boundary of 
the plasma (i. e . ,  U~ and U2)together with the known electrode poten- 
tials, while the size of the region is chosen to be such that dU/dx 
becomes zero at the boundary with the plasma (this is equivalent to 
the condition for continuity in dU/dx for r--~ 0). 

4. Numerical solution. The problem is that of solving (1.13), (3.3), 
and (3.4) subject to the boundary conditions. From (2.5) and (3.5), the 
unknown functions are 

U0 (x), To (x), A,, (x), A2 (x) ..... 

An (x), I+ (x), Bo (x),..., B n (x).  

In general we may put that 

dy~ (:c) 
dx ~ - l i ( x  . . . . .  y j . . . )  (i, / = 1  . . . . .  2m). (4.17 

The boundary conditions are 

F~ (...V~ (0)...) = 0 (k = 1 . . . . .  m), 

F~+m (...V~ (d)...) = 0. (4.2) 

These and the differential equations are nonlinear, the former 
being given at both ends of an interval, x = 0 and x = d. 

Equations (4.27 are considered as 2m nonlinear equations in the 
functions yi(0) at x = 0; the yi(d) are deduced from ,.he yi(0) by numer- 
ical integration of (3.6) by the Runge-Kutta method, Newton's method 
[11] being used to solve the nonlinear system. 

The following example takes account only of electron-atom 
collisions for the case mentioned at the end of section 2: at cathode 
and anode there are barriers that reflect electrons. Electron or ion 
emission from the anode is neglected. ~'igum 2 shows the results for 
n of 1, 2, 3, and 4 for the following values of the dimensionless 
potential: 

qV 
kT~ 0 

T a f N~+ ~'I, 
Tk --0.544, ln/,~----J~.,~_ / =4.6  

d d 
~ = ~  =7.2. 

Here Nk+ and N k_ are the densities of the emission fluxes of ions 
and electrons at the cathode [see (1.47], while L+ and L_ axe the 
mean free paths of those particles at the cathode. The ordinates are 
the dimensionless quantities 

T / T k ,  u*=qU/kT ,  n_/No~ 

(No = g'N~-+,Vk_). 

Hexe No is the equilibrium charge concentration at the cathode. 
Ten steps were used in the Runge-Kutta integration from x = 0 to 
x = d ; doubling the step for n = 2 akexed only the fourth significant 
figure. 

I am indebted to G. E. Nkus for direction and assistance, and to 
L. A. Oganesyan for assistance in programming the problem for the 
computer. 
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